Following the formalism of the Classical Nucleation Theory beyond the dilute solution approximation, this paper considers a difference between the actual solute supersaturation (given by the present-to-saturated solute activity ratio) and the nominal supersaturation (given by the present-to-saturated solute concentration ratio) due to formation of subcritical transient solute clusters, called heterophase fluctuations. Based on their distribution function, we introduce an algebraic equation of supersaturation that couples the nominal supersaturation of a binary metastable solution with its actual supersaturation and a function of the specific interface energy and temperature. 
Introduction
Because decomposition of supersaturated solutions occurs in many natural phenomena and important technological processes, this problem traditionally attracts much attention (for some recent results see, e.g., Refs. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] and references therein).
From the thermodynamic point of view, the solution properties, including the nucleation driving force (see Eq. (5) below), are determined by the actual supersaturation:
where a is the solute thermodynamic activity and a sat corresponds to the solubility (saturation) limit.
On the other hand, the only experimentally available value is the nominal supersaturation:
where c tot is the total solute concentration, calculated as the total number of solute atoms N , divided by the solution volume V :
and c sat tot corresponds to the solubility (saturation) limit. A very popular dilute solution (DS) model (see, e.g., Ref. [11] ) does not distinguish between the nominal supersaturation and the actual supersaturation: S = S nom = S act (cf., e.g., Eqs. (2.13) and (2.14) of Kashchiev [12] ), which appears to be a good approximation for essentially weak solutions, where the vast majority of solute atoms is in the monomer state.
According to the Frenkel's concept [13] of heterophase fluctuations (HF), pretransition processes near the saturation limit lead to formation of dimers, trimers and larger transient solute clusters.
Recent studies demonstrate, that HF in solutions play an important role in the nucleation kinetics [14, 15, 16, 17, 18, 19] . Here we reveal a crucial role of HF in the thermodynamic treatment of supersaturated metastable solutions.
Based on the distribution function of HF, in Section 2 we derive an algebraic equation of supersaturation of a binary metastable solution, coupling the values of the nominal (2) and the actual (1) supersaturation with a function of the specific cluster-solution interface energy σ and temperature T (see Eq. (15) below). In Section 3 we apply this equation to compare its results to some simulation data [20] on nucleation of Al 3 Zr and Al 3 Sc in model binary Al alloys (see Figs. 2-4 below) and demonstrate that a good agreement is achieved in some cases and in all cases Eq. (15) gives a much better agreement than the dilute solution model does. We leave Section 4 for conclusions and outlook of future tasks.
Equation of supersaturation of a binary metastable solution
In this paper we consider solutions with a single type of solute molecules which do not dissociate.
Within the Classical Nucleation Theory (CNT), the Gibbs free energy change on forming a cluster of n solute monomers (at constant pressure and temperature) is (see, e.g., Eq. (3.39) of Kashchiev [12] ):
The first term in the right-hand side of Eq. (4) contains the chemical potential change on clusterization, equal to the nucleation driving force taken with the opposite sign (see, e.g., Eq. (2.13) of Kashchiev [12] ):
where k B is the Boltzmann's constant. The value given by Eq. (5) can change sign depending on the value of S act . The second term in the right-hand side of Eq. (4) is the free energy of the cluster-solution interface. For a spherical cluster, the dimensionless size-dependent specific interface energy α n is
where ω is a volume per solute monomer in the cluster and σ n is a size-dependent specific cluster-solution interface energy. The value given by Eq. (6) is positively defined. By utilizing Eqs. (4) and (5), the equilibrium distribution function of HF of different sizes, introduced by Frenkel [13] , can be presented as follows (see, e.g., Eq. (7.17) of Kashchiev [12] ):
where c sat 1
is a saturated concentration of solute monomers. Eq. (7) is a particular form of the Boltzmann distribution for the clusters with the energy spectrum (4), specially normalized to give the concentration (number density) of clusters of size n.
For n = 1, to get a trivial identity c 0 1 = c 1 from Eq. (7), one has to set
Eq. (8) is a direct result of Eq. (7) and, therefore, originates from the choice of the work of clusterization in the form (4) and (5) . It means that, within CNT, the solute thermodynamic activity is determined by the concentration of solute monomers only. This approximation seems natural, provided that the diffusivity of solute monomers greatly exceeds that of solute clusters. From Eq. (7) one can see that, in the supersaturated case S act > 1, the equilibrium distribution of clusters diverges rapidly as n → ∞. To avoid this unphysical behavior, one has to take into account a nonzero value of the net cluster flux along the size axis:
where w
n,n+1 and w
n+1,n are, respectively, the rates of attachment and detachment of solute monomers at the cluster-solution interface.
The special case, when the net cluster flux (9) is zero for any n, corresponds to the state of detailed balance, when the HF distribution function takes its equilibrium form (7) .
In the steady-state nucleation regime, the net cluster flux (9) is assumed to be a step function of size:
where the steady-state nucleation rate is (see, e.g., Eq. (13.30) of Kashchiev [12] ):
and the rate of attachment of solute monomers at the interface in the diffusionlimited case is (see, e.g., Eq. (10.23) of Kashchiev [12] ):
D being the solute diffusion coefficient.
In the steady-state nucleation regime, the HF distribution function is (see, e.g., Eq. (13.17) of Kashchiev [12] ):
for 1 ≤ n ≤ n max and c J n = 0 for n > n max . In the undersaturated and saturated solutions S act ≤ 1 and from Eq. (7) one gets lim n→∞ c 0 n = 0 and, therefore, formally setting n max → ∞, from Eqs. (10) and (12) (13) and (7), as follows:
With Eqs. (13), (12), (10), (11) and (7) in mind, after some algebra one can express the nominal supersaturation (2) as follows: Eq. (15) can be called an equation of supersaturation (ES) of a binary metastable solution, because it couples the nominal solute supersaturation S nom with the actual supersaturation S act and a function {α n } of the specific clustersolution interface energy and temperature. It is also valid for undersaturated and saturated thermodynamically equilibrium solutions, where one has to assume formally n max → ∞.
Results and discussion
To obtain a practically valuable result, ES (15) can be resolved to find the actual supersaturation S act (or the thermodynamic driving force k B T · ln (S act )) as a function of the nominal supersaturation S nom and {α n }. From ES (15) one can see that the difference between the actual supersaturation and the nominal supersaturation becomes sizeable when HF are energetically cheap, i.e. when either S act is large or {α n } is small. On the other hand, for small S act or large {α n }, when HF are energetically expensive, one can retain only the first terms in the sums in both the numerator and the denominator of ES (15) to obtain the DS result S nom = S act .
To illustrate the practical applicability of ES (15), below we compare the results of the present approach to the data of the Monte Carlo (MC) simulations [20] of the model Al-Zr and Al-Sc alloys, which exhibit homogeneous nucleation of the Al 3 Zr and Al 3 Sc phases, respectively. In Figs. 2-4 below we demonstrate the simulated data together with the calculated ones, using sizedependent specific interface energies σ n shown in Fig. 1 and calculated from Eq. (20) and Table III of Ref. [20] for 1 ≤ n ≤ 9. For n > 9 we take σ n = σ 9 . For the face-centered cubic lattice used in the MC simulations [20] , we calculate the volume per Al 3 Zr or Al 3 Sc formula unit (4 lattice sites) as ω = 4·a
3 /4 = a 3 , taking the lattice constant to be equal to that of the aluminium a = 4.05 · 10 −10 m. The values of the upper summation limit n max are chosen to satisfy the condition c
The values of other parameters are adopted from Ref. [20] and collected in Table 1 .
In Fig. 2 we plot the chemical potential change on clusterization (per Al 3 Zr formula unit) for the Al-Zr alloy as a function of the Zr volume fraction (bottom axis) or the nominal supersaturation (top axis) at T = 723 K, obtained by the cluster variation method (CVM) and the direct calculation method (DCM) from the MC simulations [20] 1 together with the results of Eq. Table III of Ref. [20] for 1 ≤ n ≤ 9. For n > 9 we take σn = σ 9 . The lines are only guides for an eye. actual supersaturation calculated from ES (15) . One can see that the calculated dependence is close to the CVM one and is practically identical to the DCM one, while the DS approximation is valid only in the low-supersaturation regime.
In Fig. 3 we plot the cluster size distributions in the Al-Zr and Al-Sc alloys, obtained from the MC simulations [20] , performed at different temperatures and nominal supersaturations, together with the results of Eq. (12), with the actual supersaturation calculated from ES (15) . From Fig. 3 one can see that the present theory is able to reproduce the simulation data on the cluster distribution functions with a good accuracy in all cases except those corresponding to the highest supersaturations of Zr at 723 K in Fig. 3 (a) . For a possible explanation of this discrepancy see discussion of the nucleation rate data in Fig. 4 below.
In Fig. 4 we display the nucleation rates for the Al 3 Zr and Al 3 Sc clusters, obtained from the MC simulations [20] , performed at different temperatures and nominal supersaturations, together with the results of Eq. (10), with the unit, we multiply them by 4. actual supersaturation given by ES (15) . The DS result with S act = S nom is also given as a reference. One can see that the present theory gives a quantitative agreement with the MC simulations for both systems at all temperatures and not very high nominal supersaturations. Fig. 4 shows a general tendency of divergence between the simulation and theoretical data with the increase of supersaturation. The same tendency can be observed for the cluster size distribution data in Fig. 3 (a) . A probable reason for this discrepancy is the effect of frustration [21] , which increases with the increase of the solute volume fraction. For the sake of brevity, this effect is neglected here. One can see that the values of the nucleation rate, calculated in the DS approximation, considerably overestimate the simulation data.
Conclusions and outlook
In conclusion, the CNT-based Frenkel's model of heterophase structure of supersaturated solutions is used to construct an algebraic equation of supersaturation of a binary metastable solution, coupling the values of the nominal and the actual supersaturation with a function of the specific interface energy and temperature. This equation is also valid for saturated and undersaturated solutions. Application of this equation is shown to result in a much better (compared to the dilute solution model) agreement with MC simulation [20] data on nucleation of Al 3 Zr and Al 3 Sc in model binary Al alloys. This approach may be further advanced by taking into account the effect of frustration [21] .
